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Abstract
The purpose of this thesis is to give an account of some vanishing
theorems of cohomology groups of noncompact complex spaces. Since the
study of the vanishing of cohomology groups is in some sense a generaliza-
tion of Levi's problem, we first (Chapter I) present the proof of the
latter problem on complex manifolds. Grauert's criterion on Stein manifolds
will also be described in this Chapter. In Chapters II, III and IV, we shall
discuss the geometric properties and relations among q-complete spaces,
q-convex spaces, cohomologic ally q-complete spaces and cohomologic ally
q-convex spaces. This includes a finiteness theorem of Andreotti and
Grauert on q-complete spaces and q-convex spaces, a theorem of Malgrange
on top cohomology groups on noncompact complex manifolds which has been
generalized by Siu to complex spaces, a remark of Jennane on holomorPhic
fibre bundles and a generalized Kokaira' s vanishing theorem. Some cohomo-
logy vanishing theorems of Nakano on weakly 1-complete manifolds and one
of Grauert and Riemenschneider on hyper-q-convex manifolds will be described
in Chapter V. Finally in Chapter VI, we include the solution of complex
plateau problem due to Harvey and Lawson and a result of Stephen Yau relating
boundary cohomology groups to singularities,
TABLE OF CONTENTS
Introduc tion
Chapter I. Levi's problem on complex manifolds
Chapter II. A finiteness theorem of Andreotti and Grauert
Chapter- III. A theorem of Malgrange
Chapter IV. Some relations between q-convex spaces and q-complete
spaces and their geometric properties
Chapter V. The cohomology vanishing theorems of Nakano and Grauert-
Riemenschneider




Levi's problem is one of the most important problems in the theory
of several complex variables. Many problems in complex analysis have their
origins from it.. The original problem is to ask whether pseudoconvex domains
in Cn are domains of holomorphy. This problem was completely solved by
Oka [57] (see also Bremermann [13] and Norguet [53]) in 1953 and 5t+. Later
in 1958, Grauert [26] generalized the Levi's problem from n to complex
manifolds. He showed that every strongly pseudoconvex domain in a complex
manifold is holomorphically convex. Furthermore, he gave an example of a
weakly pseudoconvex domain in a complex manifold which is not holomorphic ally
convex and proved the important theorem that a complex manifold is Stein if
and only if it admits a strictly plurisubharmonic exhaustion function. In
[52], Narasimhan extended Grauert' s results to arbitrary complex spaces. In
view of this, Andreotti and Grauert has further extended the concepts of
Steinness and strongly pseudoconvexity of complex spaces to q-completeness,
q-convexity, cohomologically q-completeness and cohomologically q-convexity,
where 1-completeness and 1-convexity are equivalent to Steinness and
strongly pseudoconvexity respectively. With this terminology, one can prove
(1) Stein a 1-complete a cohomologically 1-complete
(2) Strongly 1-convex a cohomologically 1-convex,
pseucloconvex
where (1) is the well-known characterization of Stein spaces given by Serre
and (2) is proved by Narasimhan [52] by using Remmert-Cartan reduction for
holomorphic ally convex spaces. In [31, Andreotti and Graue rt showed that




For q >1, the converse of them are not quite clear. Therefore, to study
the vanishing of cohomolo T groups of non-compact complex manifolds is
significant.
In this survey, we try to give an account of some cohomology vanishing
theorems for noncompact complex spaces, which is in some sense more fundamental
than those of compact cases. In Chapter I, we present the proof of Levi's
problem on complex manifolds depending on the theorem of Andre of ti and
Grauert. The proof of Grauert' s criterion of Stein manifolds will be given
there. As another application of the theorem of Andreotti and Grauert, we
give a proof of Kodaira's vanishing theorem. The geometric properties and
relations among q-complete spaces, q-convex spaces, cohomologically
q-complete spaces and cohomologically q-convex spaces will be discussed in
Chapters II, III and IV. This includes the finiteness theorem of Andreotti
and Grauert, the theorem of Malgrange [45][62][ 63] on top cohomology groups,
a remark of Jennane [39] on holomorphic fibre bundles and a generalized
Kodaira' s vanishing theorem (Ch. II). In-Chapter V, some cohomology vanishing
theorems of Nakano [49] and Grauert-Riemenschneider [311 will be described.
At last in Chapter VI, along with other things, the solution of complex
Plateau problem due to Harvey and Lawson [37] and a result of Stephen Yau [72]
relating boundary cohomology groups to singularities will be discussed.
Nevertheless, subject to the limit ted spaces of our thesis, we cannot include
the two interesting aspects of the work concerning cycles on non-compact
complex manifolds developed by Cornalba-Griffiths [17] and Andreotti-Norguet-
Siu-B arlet [5] [5] [54] [55].
3It must be stressed that we have merely discussed some very
special view-points and topics of this big subject. One should consider
this thesis as only a beginner's note for himself on the way of his studies
in Algebraic Geometry (transcendental methods) and Several Complex Variables.
Due to the limmitation of time, my thesis advisor B. Wong hasn't gone
through the details of this manuscript and he shouldn't bear any responsibilities
of the mistakes appeared here,
CHAPTER I. LEVI'S PROBLEM ON COMPLEX MANIFOLDS
§1. Definitions and notations
(1.1) One of the great differences between one and several complex
variables is the concept of a domain of holomorphy. On any open subset 0
of C there is always a holomorphic function which cannot be extended across
any boundary point of fi. However, this is not the case in (Dn with n 1,
as first pointed out by Hartogs [35]. A domain of holomorphy is a domain on
which there exists a holomorphic function which cannot be extended to a larger
domain. For instance, Cn itself, the unit ball Bn in Cn, and products
of open subsets of C are such domains whereas the open set
is not, where B is the open disc in
r
(C with center 0 and radius r. Cartan and Thullen[ 16] has given the
following characterization of domains of holomorphy.
(1.2) THEOREM Let 0 be any domain in U, then the foil owing s
are equivalent:
(i) Q is a domain of holomorphy.
(ii) Every boundary point p of fi is essential in the sense
that there exists a function holomorphic in fi which cannot be extended
through the point p•
(iii) is holomorphic ally convex. That is, for every compact
subset K of fi, the holomorphic ally convex hull of It is also
compact, where is defined as the set of points x in fi such that
|f(x)| the supremum °L 11 on or every holomorphic
function f on fl,
(iv) For all compact subset K of we have
where A (K) denotes the distance from K to the boundary
(1.3) Let be any domain in a real-valued function





is upper semi-continuous, and
the restriction of to any one dimensional complex line
in is subharmonic, that is, if and is
any vector in then is subharmonic
in with sufficiently small.
(1.4) REMARKS
(i) If f is a nonvanishing holomorphic function on then
log| f I is psh in
(ii) Every psh function satisfies the maximum modulus principle.
(iii) If
2
is a C function on then is psh iff
the complex Hessian H of is positive semi-definite, where
In fact, for any the function
with and
small, is subharmonic, means
Note that
(iv) Every psh function can be approximated normally in 0
2
(that is, uniformly on compact subsets of fi) by C psh functions.
Therefore, from this moment, whenever we speak of psh functions we mean
2
C psh functions.
(v) If (f is a psh function with H() positive definite, then
cj) is called strictly pluri sub harmonic (strictly psh in short).
(1.5) Let D be a relatively compact open subset of a domain
Then D is called (strongly) pseudoconvex at a boundary point
if there exists a neighborhood U and a (strictly) psh
function 6 on U such that D is called
(strongly) -pseudoconvex if it is (strongly) pseudoconvex at every boundary
point.
?
It is easy to see that a necessary and sufficient condition for a
domain D to be strongly pseudoconvex is that there exists a neighborhood U
of xq and a holomorphic local coordinate system on U such that with
respect to this new coordinate system, U n D is strictly Euclidean convex,
for every x e dD.
o
Note that the definitions mentioned above, except perhaps the concept
of a domain of holomorphy, can be carried over to any complex mnifold3 as well
as complex spaces.
(1 .6) An analog of domains of holomorphy in£ to complex manifolds
is the concept of Steinness. A complex manifold is said to be Stein if it is
holomorphically convex and its gLobal holomorphic functions separate points
and give local coordinates at each point. It is obvious that in £n, Steinness,
domains of holomorphy and holomorphic ally convexity are equivalent, (cf. theorem
(1.2)).
(1.7) A complex manifold X is said to be K-complete if to each
point xq r X, there exists finitely many holomorphic functions f, f
on X such that x is an isolated point of the set
Obviously, K-complete means there are many holomorphic functions
on X. A compact complex manifold can never be K-complete, but every
Rienann domain over £n is. In [24] Grauert proved the following theorem
which relates the Steinness and K-completeness of complex manifolds.
(1.8) THEOREM A complex manifold X is Stein iff X is
holomorphic ally convex and K-complete.
On the other hand, the following is a well-known property of Stein
manifolds.
THEOREM. Every Stein manifold, can be embedded, properly into
some
(1. 9) in the sequel, we use the following notations:
Let F be a holomorphic vector bundle and a sheaf of abelian
groups on a complex space X. Let be any subset. For each k 0,
(k factors),
the sheaf of germs of holomorphic cross sections of F,
the restriction of F to Y,
k
the sheaf of germs of holomorphic cross sections of F (Y)
over Y, ana
the restriction of to Y.
§2. Levi's problem in (Dn.
In 1911, E.E. Levi [43] shaved that the boundary of a domain of
holomorphy is not arbitrary, namely, a domain of holomorphy 0 with smooth
boundary is pseudoconvex. The original Levi problem is to prove the converse
that every domain 0 with smooth pseudoconvex boundary is a domain of
holomorphy. This problem was first .solved _by Behnke [i0] for complex
2-dimensional circular domains. The first general result, however, was not
obtained until 1 9f2 by Oka [37 VI] for the case n= 2. The case for a
general n was solved by Oka [37 XX], Bremermann[ 13] and. Norguet [33] in
1933 and 34. The idea of the proof can be summarized to the following steps
(for a detailed development of Levi's problem, see Siu [63]):
(2.1) THEOREM (Behnke-Stein [11]). The union of an increasing
sequence of domains of holomorphy is again a domain of holomorphy.
(2.2) By using pi uri sub harmonic functions, it can easily be
shown that each pseudoconvex domain in Cn can be exhausted by relatively
compact strongly pseudoconvex subdomains.
(2.3) if is 3trongly pseudoconvex, then D is holo-
morphically convex.
The main step in solving Levi's problem in£ is of course (2.3).
As an analog to it, G-rauert [26] has extended Levi's problem to arbitrary
complex manifolds.
7§3. Levi's problem in complex manifolds.
In 1958, Grauert [26] solved the following extension of Levi's
problem to complex manifolds:
(3.1) THEOREM Let be a strongly pseudoconvex domain
in a complex. manifold X., then G is holomorphically convex.
To prove it, we need the following key lemma whose proof can be
found in [26] or remark (2.13) of Ch. II.
(3.2) LEMMA. Let be a strongly pseudoconvex domain
in a complex manifold X, then dim H1
Now we can prove theorem (3.1). Let a holomorphically
convex neighborhood u of xo and a holomorphic function f on U can
be chosen such that is Stein, df and where
We can construct a strongly pseudoconvex neighborhood
withof Stein and G' is so near to G such that
is closed in Hence S', as a closed analytic
submanif old of the Stein manifold W'. is Stein.
Since S' can be regarded as a positive divisor in G', therefore
to S' there associates a holomorphic line bundle F over G' which has a
canonical holomorphic cross section h vanishing only on 3' of the first
order. Set F0 Consider the homomorphisms defined by
it is clear that the quotient sheaf is exactly
the trivial extension of to We have the exact
sequences
to which corresponds exact cohomology sequences
since Henc e is onto, and thus
where By lemma (3.0,
thus there exists an integer k such that Hence a
is an isomorphism, and so q is surjective. Since S' is Stein, there
exists a holomorphic cross section s in F (S1) which does not vanish
at x. Let s be its extension to G'. The quotient
defines
a meromorphic function in G!, holomorphic in G and blow up at xq.
Since is arbitrary, we conclude that G is holomorphic ally convex.
(3.3) REMARK In view of §2, it is quite natural to ask
whether we can use similar arguments to conclude that every pseudoconvex
domain in X is holomorphic ally convex. Unfortunately, in general this is
not the case. There is no analog of (2.1) to complex manifolds, as can be
seen in the following example due to Pornaess [22] (see [21] also for another
one).
EXAMPLE: The union of an increasing sequence of Stein manifolds
need not be Stein.
Let where
Then M is a Stein manifold far each
n
Let be the
projection to the first two coordinates and be the embedding
defined by
Define Since there exists a holomorphic
map with Clearly but M is not
holomorphically convex. In fact, let
For each contains while
contains This implies that
for each and thus is not compact.
(3.4) While this example diminishes the hope of the affirmative
of the statement that pseudoconvex domains in complex manifolds are holomor-
phically convex, the following counterexample by G-rauert (see Andreotti [1, p.97])
extinguishes all wishes.
EXAMPLE: Relatively compact pseudoconvex domains of a complex
manifold need not be hoi om oip hie ally convex.
Let consider the real torus Let
be the natural projection. For any let
and Then
and is
For each IR-linear surjective map inherits
through X the complex structure of C. Since Z is a group of
translations, they are holomorphic functions for any X we consider.
Therefore X, and thus D, is provided with a complex structure.
Moreover, in any of these structures, D is pseudoconvex since for each
there is a neighborhood U of p such that
However, under some special complex structures, D is not
holomorphically convex. In fact, let a real compact
submanifold of D of dimension 2n- 1. Let be given by
In particular, Thus is the
union of a 1-parameter family of complex vector subspaces
Since A needs only to
satisfy we can choose A so that
has at least one irrational number. Hence must be
dense in Y. If f is a holomorphic function on D, let be
such that Since there exists t e IR
such that z This means that f o rr has a maximum in
and hence f is constant in But is dense in Y and
f is continuous, hence f is constant in Y. Since
is constant on X and hence X is not holomorphic ally convex.
§4. G-rauert's Criterion on Stein manifolds
Levi's problem in some sense is to find sufficient conditions
for a complex manifold to be Stein. In [26], G-rauert gave a very important
characterization for Stein manifolds. The purpose of this section is to
give this result.
(41) THEOREM A complex nanifold X which admits a C
strictly psh exhaustion function is Stein.
We first show the following lemmas.
(4.2) LEMMA (cf. theorems (1.3) and (2.10) of Ch. XV) If X
is a holomorphically convex complex manifold, then X is K-complete iff X
contains no compact analytic subvarLeti.es of positive dimension.
PROOF. Let x e X. Choose an open set D in X such that
We can find finitely many holomoiphic functions
in M such that for at least one v
at each uoint
0
If X contains no compact analytic subvarLety of dimension
a compact analytic subvariety consists of isolated points, and hence X is
K-complete. The converse is trivial by maximum' modulus principle.
(4.3) LEMMA If a strictly psh function exists on X, then
X contains no compact analytic subvarietLes of dim£ 1.
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This is a trivial consequence of the fact that the restriction
of a psh function to an analytic subvariety is also psh and the maximum
modulus principle.
The key lemma for proving theorem (4.1) is the following result
of Doquier and Grauert. For a proof see [18].
(4.4) LEMMA The union of an increasing 1-parameter family
of Stein manifolds is Stein.
Now we can prove theorem (4.1). Let p be the strictly psh
exhaustion function on X. Then for each
is strongly pseud.oconvex, hence the theorem follows from theorem (3-1),
lemma (4.2) and lemma (4-3).
(4.5) REMARK In [521, Narasimhan has extended Grauert's criterion
on complex manifolds to any complex spaces, thus a complex space X is Stein
if a strictly psh exhaustion function exists on X.
(4.6) REMARK Since every complex space admits a strictly psh
exhaustion function (see e.g. [52]), the existence of a strictly psh
exhaustion function is a characterization of a Stein space.
§5. Kodaira's Vanishing Theorem
The powerful lemma (3.2) has a stronger version (for a proof,
see remark (2.13), Ch. II):
(5.1) LEMMA Let D C C X be a strongLy pseudoconvex domain
in a complex manifold X and a coherent analytic sheaf on X. Then
dim H(
While lemma (3.2) gives rise to the solution of Levi's problem in
complex manifolds, lemma (51) is also essential in Narasimhan's proof [30J
of Kodaira's vanishing theorem which we shall give here.
(3.2) Let X be a complex manifold and A a subset of X. We
say that A can be blown down to a point (cf. (1.7) and (3.4) of Ch. IV) if
there is an analytic space Y, a point y e Y, and a mapping
such that f(A)= y and f: is a biholomorphism. Since
the inverse image through f of a strongly pseudoconvex neighborhood of y
is a strongly pseudoconvex neighborhood of A, we see that A has a
fundamental neighborhood system of strongLy pseudoconvex domains.
As an example of sets which can be blown down to a point, G-rauert
[27] showed that every strongly pseudoconvex domain has a maximal compact
analytic subset A whose dimension at each point is positive and each
component of A can be blown down to a point.
(5.3) Let it: F- X be a complex line bundle on a complex
manifold X with transition functions with respect to an open cover
of X. Note that there is a system of positive valued functi ons
being defined on such that
The line bundle F is said to be negative if the zero cross section of F
can be blown down to a point, and F is said to be posi tive if its dual
bundle F is negative. Note that F is positive (resp. negative) iff the
matrix
is positive (resp. negative) definite at each point where
is a holomorphic local coordinate around x.
(5.4) KOD AIR A' S VANISHING- THEOREM Let X be a compact
connected complex manifold on which there is a positive line bundle F.
Then for all coherent analytic sheaf on X, there is an integer
such that foi
PROOF. Let E= F, then E is negative and hence the zero
cross section of E has a strongly pseudoconvex neighborhood D. Lift
to a coherent analytic sheaf on E by the projection n: E_ X as
follows. First note that the sheaf on E defined by
is coherent. Since and both are
modules over we can form the tensor product
over Then is a module over and this
defines which can easily be seen to be coherent. In view of lemma (5.1),
it suffices to find for all N a natural injection
where denotes the direct sum. In fact, since dim©= 2 dim,
the existence of such injections would imply the existence of the desired
integer
Identify X with the zero cross section of E. Eor
let U be a neighborhood of a such that Eor every f
f can be expressed as the Tayer series converging in some
neighborhood andwith For
let corresponds to (x, 1) under the biholo.morphism
and let be the point such that Thus
for every p is represented by (k factors
of e(x)) where p (x) is holomorphic in a neighborhood of a. Note that
can be identified with the polynomial p (x) z
Hence for every N, we obtain
by where corresponds to
in the way described above. Further, the map
is the inverse of i~, hence i„ is infective.
From i,T we obtain
and the corresponding
which is easily seen to be infective. Now jN can be factored as
which shows that a is an injection.
CHAPTER II. A FINITENESS THEOREM OF ANDREOTTI AMI
GRAUERT
§1. Definitions and notations.
(1.0 A real-valued function defined on a domain ir
is called q-plurisubharmonic, shortly q-psh (resp. strictly q-plurisubharmonic,
shortly strictly q-psh) if for each there exists a bihoiomorphic
mapping of thft unit ball such that
anc is psh (resp. strictly psh) in (Needle ss
to say,
In short, 0 is q-psh (resp. strictly q-psh) on 0 iff for
each there is an analytic subvariety V of dimension n- q+ 1
containing x such that the restriction of 0 to V is psh (resp.
stri ctly psh).
(1.2) REMARKS (cf. remark (1.4)):
(i) If
2
is a C real-valued function on a domain
then is q-psh (resp. strictly q-psh) iff the complex Hessian H
of admits at least n- q+ 1 nonnegative (resp. positive) eigenvalues
in
(ii) Every q-psh function satisfies the maximum modulus principle.
(1 .3) A real valued function 0 on a complex space X is called
q-convex (strongly q-pseudoconvex in the terminology of Andreotti and
and Grauert [3]) if for each x e X, there exists an integer N, a
biholomorphism t of an open neighborhood U of x onto an analytic subset




Note that the definition does not depend on the choice of the imbedding map
t, see for example [32].
A q-convex function (p is said to be smooth if i[s can be chosen
to be smooth.
(1.4) A complex space X is called q-convex (strongly
q-pseudoconvex in the terminology of [3]) if we can find a compact subset
K of X and a smooth real-valued function p on X such that
(i) for all and
di) is q-convex.
If K can be chosen to be empty, then X is called q-complete.
(1 .3) REMARKS For the case q= 1, it is easy to see that
(i) A function p is 1-convex iff it is strictly psh,
(ii) a complex space X is 1-convex iff it is strongly
pseudoconvex, and
(iii) a complex space X is 1-complete iff it is Stein.
(1 .6) Let X be a complex space, then X is called
(i) cohomologically q-convex if dim H for all
r£ q and all coherent analytic sheaf on X,
(ii) cohomologically q-complete if for all
and all coherent analytic sheaf on X.
The purpose of this chapter is to show that a necessary condition
for q-convexity (resp. q-completeness) is cohomologically q-convexity
(resp. cohomologically q-completeness).
The following result is due to Andreotti and G-rauert [3].
(1 .7) THEOREM Suppose that is a C q-convex function on
a domain D Let and then there
is a Stein neighborhood in D such that for all Stein neighbor¬
hood which is Runge in we have
n n
(1 .8) Let D be a domain in (D and V an analytic subset of
D. Suppose that q-convex function on V and
q-convex function on D such that If is a coherent analytic
sheaf on V, let be the trivial extension of to D. For
Then we have the following
THEOREM If U5 is a sufficiently small Stein neighborhood of
then for all Stein neighborhood of Runge in
we have
PROOF. Let be a Stein neighborhood of£, sufficiently
small such that theorem (1.7) is valid and on U there is a finite free
resolution of (of. [y+, IIC2]):
Let A.= ImX..= ker X., 0 i$ d- 1. Then we have a series of exact
-i _i_ i n'
sequence of sheaves:
Consider the corresponding exact cohomology sequences, in view of theoreii
(1.7), we obtain, for r£ q, that
for all Stein neighborhood which is Runge in U. Hence
for all h d. Note thai hence
and thus completes the proof of the theorem.
(1.9) Let X be any complex space which is second countable.
Suppose is a coherent analytic sheaf on X. By a cover of X adapted





each Uv is a relatively compact Stein subset of X,
contains a base of X, and
on each Uv, there exists an epimorphism: for
some integer k.
It is easy to see that if X is second countable, then a cover of
X adanted to always exists. Prom now on, whenever we speak of a complex
space, we mean a complex space which is second countable.
(1.10) We introduce the following notation:
If is an open cover of a complex space X which contains a
base of i -r is open, then
is an open cover of X containing a base of X. Now if is a coherent
analvtic sheaf on X and a cover of X adapted to then
is a cover of X' adapted to the coherent analytic sheaf on
(1 .11) Let D be a domain in q-convex function
on D, V an analytic subset of D and Set
Let be any coherent analytic sheaf on D and a cover of
D adapted to Denote by the cover of
V. The following result is due to Andreotti and G-rauert [3].
PROPOSITION For all has an image
dense in under the restriction map.
(1.12) Notation: Let X be a complex space and a cover
of X. Then the nerve of the cover will be denoted by
§2. A finiteness theorem of Andreotti and G-rauert
The purpose of this section is to show the following finiteness
theorem.
(2.1) THEOKBM Let X be a complex space, then
(i) X is q-convex= X is cohomologically q-convex,
(ii) X is q-complete= X is cohomologically q-complete.
The proof of theorem (2.1) is based on Andreotti and G-rauert f 3l•
We first give some lemmas.
(2.2) LEMMA Let X be a complex space and Suppos e
that there is a neighborhood U of dD and a q-convex function£ on U
such that (Such a domain D is called weakly
q-convex). Then we can choose a finite cover of dV
in X and a sequence of relatively compact q-convex subsets
of X such that
(i)
(ii) for all coherent analytic sheaf on X, we have
PROOF. Choose a finite cover of dB with
each U. sufficiently small such that
(i) for each i, there exists a neighborhood of IK in
$
U such that U. is Runge in U. and a biholomorphism ip. of U. onto a
1 1 k. 11
subvariety V. of the unit ball B. in (D 1 for some k.,X 1 1
(ii) on each, there is a q-convex function 0 such that
Let if U. is sufficiently small, in view of
l
theorem (1.8), ?je have where
Note that
hence we have




If is sufficiently small, the function is
q-convex for each Define
and
then for each is q-convex and again by theorem (1.8).
Further, by the definition of p., we
•L
conclude that is the sequence required.
(2.3) LEMMA Let X be a q-convex space with corresponding
K and as in definition (1.4). Let and
Then for there exists such that the
restriction map
is surjective V r£ q and all coherent analytic sheai on X
PROOF. Note that for each satisfies the
conditions of D in lemma (2.2). Consider X as the D in that lemma
c
and let Since we have the following
May er-Vie tori s exact sequences:
Bv lemma (2.2), there is an suoh that Replace
and the same argument shows that there is
such that Inductively we get an
with Since the lemma holds if we choose
small such that
(2.4) LEMMA If X is a q-convex space and a coherent
analytic sheaf on X, then
dim
PROOF. In view of lemma (2.3) 5 it suffices to show that()
whenever if the restriction map
surjective, then din
Let with I countable be a Stein open cover of
A with for For each i, choose
such that B with J countable be a Stein
open cover of B such that B Without loss cf generality, we
may assume that is a refinement of For each j,
we can choose some such that and thus defines a refining
mapping which in turn induces the restriction map
Note that maps into
and all the spaces and
are Frechet spaces. Since
it follows from the theorem of Mont el on normal families that is
completely continuous. Let H then
and are homomorphisms of H intc
By hypothesis, r is a continuous epimorphism. By a theorem of Schwartz
has a closed image of finite codimension in
Since is a Stein covering, we conclude that
is of finite dimension
(2.5) REMARKS
(i) In the proof of(), we have not made use of the q-
convexity of X, hence() holds in general complex spaces.
(ii) For each is closed and of finite
codimension in provided that is a cover
adapted to the coherent analytic sheaf
(2.6) LEMMA Let X be a topological space and
an increasing exhaustion sequence of open subsets of X. Let be
any sheaf of abelian groups on X. If the restrictions
are sur.iective Vn) 0, then so does
PROOF. Consider the fine resolution of
If U is an open set in X. let
For the case r= 0, the lemma is trivial. Assume that r£l, since
is isomorphic to each
can be represented by some By hypothesis, there exists
such that for some
Since is soft there is an extension 01
Set on and on then
Similarly, for each n, there is an with
The will converge to a limit witt
(2.7) LEMMA Let X be a q-convex space and a coherent
analytic sheaf on X. Then the restriction
is surjective for each r£ q and c cq
PROOF. Set is surjective







increasing in A with limit
such that
Hence and lemma (2.6) yields our result.
(2.8) LEMMA. Let X be a q-convex space, a coherent
analytic sheaf on X and a cover adapted to For each
there is an such that the restriction
has a dense image for each
PROOF. We divide the proof into six parts:
(i) Let A, D, be such that A= D U V and
Then there is a subcover
such that whenever belongs either to D
or to V. Observe that
29
and we have the Mayer-Vietoris exact sequences:
(ii) Apply lemma (2.2), with D as our Xc, we get D1 ,
U1,... etc, Note that the sets D. A D,1 and satisfies
the conditions in (i). We claim that the restriction of
has a dense image in for each




defines a mapping It is clear
that j is a continuous linear map and it induces a homomorphism
which one can easily verify that
this is exactly the j* in (i)
(iii) By remark (2.5), is closed and of finite
codi.mension in for each . Set
6£
since j is continuous, S is closed in Z (|D n V, qP) and is thus
a Frechet space. Define
by In view of the exact
sequence in (i), p is well-defined. By the open mapping theorem, since
p is continuous and linear, it is a homeomorphism.
(iv) Let Apply proposition (1.11), regarding
V and D as U fiV and Y, we find an such that
provided that By (iii) there are
and such that and
The cochain defined by
in
in
is thus well-defined, i.e. It is clear that
have as a limit in Hence the restriction
has a dense image.
(v) Note that the following diagram commutes
where s and 's are induced by the refining map associating to the pair
li.t Id')• by Leray!s theorem [34, VI D4] s and s are surjective, and
the open mapping theorem asserts that both of them are homeomorphisms. Now
for each let be such that
Choose with then
and thus the restriction map r has a
dense image.
Repeat the process for finitely many times, we conclude that the
restriction has a dense image. Since
we can complete the proof by choosing e 0 small enough
such that
(2.9) LEMMA Let X be any complex space, a sequence
of increasing exhaustion open subsets of X, a coherent analytic sheaf
on X and tfi. a cover adapted to$. If, for each n£ 1, the restriction
of to has a dense image, then so does the
restriction
This lemma is a trivial application of the following proposition
in Frechet spaces:
PROPOSITION Let be a sequence of Frechet spaces and
a continuous linear mapping with a dense image for each n£ 1.
If with the natural projection of F onto F, then 17
n n
has a dense image in F for each n£ 0.
(2.10) PROPOSITION Let X be a q-convex space, a coherent
analytic sheaf on X and U. a cover of X adapted to. Then for
each the image of is dense in under
the restriction map
The proof is a direct analog to that of lemma (2.7).
(2.11) PROPOSITION Let X be a q-convex space and$ a
coherent sheaf on X. Then for each c c, there is an s 0 such
o
that the restriction
is an isomorphism for each I£ q.
PROOF. Apply lemma (2.2) to X, setc and
Then and Let
be a cover adapted to. Follows (i) and (ii) of lemma (2.8), in view
of lemma (2.7), it suffices to show that the restriction
is infective
Let be such that
In view of theorem (1.8), the Mayer-Vietoris exact sequence becomes
and hence There is then an and a
such that Since ty
proposition (2.10) we can approximate r| by a sequence
Let be the restriction of to
Snr» r» o (cf. lemma (1.8)) and j
nnmmn+DQ wi +Vi
5? 11 oh that Hono(=




(2.12) LEMMA Let X be a complex space, a coherent
analytic sheaf on X and a cover adapted to£. Suppose that there
is an increasing exhausting sequence of open sets in X such that
+ Vi r»PQf.rn n +ri rm
(i) is an isomorphism,
(n) has a dense image for
each then the restriction is a bisection.
PROOF. Denote by the restrictions:
By lemma (2.6). is surjective x Henc e
it suffices to show that r is infective.
Let a c ker r be represented b , by (i) there
is a such that for each n. Hence
Let d be the metric of the Free he t
n
space For each e 0, choose
such that
this can be done because of (ii) and the continuity of
for all it is easy to check that
Further
converges in
and thus defines a with Hence
(213) Proof of the flniteness theorem (2.1).
(i) In virtue of propositions (2.10), (2.11) and lemma (2.4),
it is a trivial consequence of lemma (2.12).
(ii) The result follows from propositions (2.10), (2.11) and
lemma (2.4) since we can choose in this case,
(2.14) REMARK In view of remark (1 .3), we note that lemmas
(3.2) and (3.1) in Ch. I are special cases of theorem (2.1 )(i).
(2.13) REMARK Ear the case q= 1, the converse of theorem
(2.1) also holds. In fact, (i) is just the well known characterization of
Stein spaces and the converse of (ii) has been proved by Narasinhan [32]
by using Remmert-Cartan reduction (cf.(l.7) of Ch. IV). On the other hand,
for q 1, the validity cf the converse of theorem (2.1) is not quite
clear.
(2.16) As 8ji application to the finiteness -theorem (2.1), we have
the following generalization of Kodaira's vanishing theorem.
Let X be a compact connected complex manifold. Suppose there
is a q-convex line bundle E over X, then for each coherent analytic
sheaf on X, there is an integer such that for
and
The proof is essentially the same as that of Kodaira's vanishing
theorem except that we replace the strongly pseudoconvex domain D by the
whole bundle E in the proof.
CHAPTER III. A THEOREM OE MALGRANGE
In 1957, Maigrange [45] posed the following problem:
If X is a cr-compact noncompact complex manifold of dimension
n, is X cohomologically n-complete? That is, if is a coherent
analytic sheaf on X, does always vanish?
The answer is in the affirmative. In the same paper, Malgrange
proved the special case that is locally free. In [63], Siu showed the
general case, and he has further extended his result to complex spaces in
[62]. The main purpose of this chapter is to give the proof of Siu in the
general case that X is a complex space (not necessarily reduced) and a
simple proof by Greene and Wu [32] for the manifold case.
§1. Definitions and notations
(1.1) Let X, Y be arry complex spaces and f: X-» Y a holomorphic
map. Suppose is an analytic sheaf on X. Eor each q£ 0 and each
open subset U of Y, let and be the restric¬
tion of cohomology groups for Then forms a dresheaf
on Y, and the associated sheaf is called the q-th direct image
of through f. It is a theorem of Grauert [25] (see also [51]) that
if itself is coherent, then is ooherent for each
(1.2) Let X, Y, f be as in (1.1) and anv analytic sheaf
on Y. For each x e X, denote by the stalk of at f(x).
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Then is an analytic sheaf on X, called the
inverse image of through f. It is easy to check that the inverse
image of a coherent analytic sheaf under a holomorphic map is also coherent.
(1 .3) Let X be a paracompact complex space. A family of




Let be any sheaf of abelian RrouDs on X. we define
From this we can construct the cohomology subgroups
for all q, 0, called the q-th cohomologyy group with supports in (cf.
[8]). Further, if each element of 1) is compact, the corresponding
cohomology subgroup will be called the q-th cohomology group with compact
support, denoted by which is independent of the family
Convention: In this chapter, all complex spaces are assumed to
be -compact.
§2. A theorem of Maigrange
(2,1) THEOREM [62] Suppose X is a complex space (not





If dim X= n and X has no compact n-dimensional branch,
then
If dim X= n and X has only finitely many compact
n-dimensional branches, then dim Hn
This is the main theorem in this chapter. We first introduce the
following statements:









If dim X= n, X is reduced and has no compact
n-dimensional branch, then
If dim X= n, X is reduced and has only finitely many
n-dimensional branches, then dim
If dim X= n, X is reduced, normal and has no compact
n-dimensional branch, then
If dim X= n, X is reduced, normal, connected and non-
compact, and is torsion-free, then
The -proof of theorem (2.1) can be summarized as follows.
(2.2) LEMMi
PROOF. The proof is divided into five steps.
(i) Suppose (X, X) is a complex space and its reduction.
Let p e IN far every coherent analytic sheaf on
then for every coherent analytic sheaf$ on
This result comes from trivial modification of the proof of [25,
Satz 3].
(ii)
(A)N n follows immediately from (i).
Suppose (X, X) is an n-dimensional complex space having onl
finitely many compact n-dimensional branches whose union is K and a
coherent analytic sheaf on X. Let£? be the subsheaf of X consists oi
all nilpotent elements of X. Since K is compact, there is an m e IN
such that= 0 on K. For each 1 r m- 1, the short exact sequence
yields the exact cohomology sequence
Set For each can be regarded as
a coherent analytic sheaf on the reduction
n riri -i nrl on nn r» rH rr
But since by
Satz 2 of [58] and (a),
the exact cohomology sequence
yields dim
and
Let be a coherent analytic sheaf on an n-dimensional reduced
space (X, 0) and B= 0(X) the singular set of X. We give here only
the proof of the special case that B has no compact (n-) dimensional
branch to which the general case can be reduced.
Let be the normalization of X. Since v is proper
and nowhere degenerate, for and hence by Satz
6 of [29],
By Satz 7(b) of [29], there is a natural sheaf homomorphism
which induces a sheaf isomorphism when restricted to Set




From the exact cohomology sequences induced by the following short exact
sequences
we have It is now clear
that (iii) follows from
(iv)
T. tr 4- Y n v» ~3
be as given in Without loss of generality
we may assume that X is connected. Let be the torsion subsheaf of
thftn is coherent and is torsion free. Hence by and the
fact that dim Supp propositions 6, 7], the exact cohomology
sequence of yields
(V) Now lemma (2.2) follows from induction on n
In view of lemma (2.2), to show theorem (2.1) it suffices to shOT!
for each n£ 1. In what follows, we assume that X is a connected,
reduced, normal noncompact complex space of dimension n£ 1. and is
a torsi on-free coherent analvtic sheaf on X.
(2.3) LEMMA If G- is a relatively compact open subset of X,
then
PROOF. The proof can be divided into the following steps
(i) By Mai grange [45, lemma 3], Vx e X, there is an open
neighborhood U of x in X such that for every open
subset W of U.
(ii) dim
Let be a Stein open cover of some open neighborhood
such that each is relatively compact and satisfies (i). Set
Since
thp Maver—Vietoris exact seauenc(
yields that is surjective and hence
dim H (cf. remark (2.5), Ch. Ii).
(iii) Set is not free over
where denotes the singular set of X. By f 2- proposition 81, Z
is a suhvpri ptv of X. Let be a fine resolution
Of on X, ker for n e I and d be a metric on X defining
the topology of X. If B C X is open, define
is closed in B and
is closed in B and
(B) and (B) are families of supports for BZ. One can show without
much difficulties that
(iv) In the proof of (ii), there is a relatively compact open
neighborhood in X with surjective. Let
s e r(G,%) be a representation of an element in then there
exists a and such that
Since Cbv the definition of there exists
and such that
on Let then
and hence By (iii) there
exists such that
on Thus and this completes the proof.
(2.4) Before going on we would like to introduce the term
Env.(A). Let A be a subset of a complex space X and let
be the decomposition into topological components,
where is compact and is not, Then the envel ope
of A, denoted by Env(A), is defined to be the set In
order to prove theorem (2.1), we need the following approximation lemma [62,
proposition 12].
LEMMA Suppose n£ 2. Let X, X and X be open subsets
of X such that and Suppose
is a Stein open cover of X whose restriction to X and X cover X
and X respectively. Let
be restriction maps, then Im
(2.5) Proof of (and hence theorem (2.1)).
For the case n= 1, since a one dimensional analytic space is
Stein holds.
44
a sequence of relativelySuppose n 2. Choose
compact open subsets of X such that Env, m IN and
Let be- a Stein open covering containing a base of X.
the coverDenote by for m
By lemma (2.3) there existsLet f
such that Take a sequence of seminorms
on such that
defines the Frechet space topology of(i)
for each m IN, and
Set(ii)
Sirce by lemma (2.5)
there exists such that
Then we haveSet and
we can findInductively, such that
defines an hHence with h= f.
(2.6) REMARK
In [32] G-reene and Wu gave the following result:
Let M be a noncompact Hermitian manifold of complex dimension
n, then M can be properly imbedded into 1 by A -harmonic functions.
CO
Here the operator A is defined as follows. Let G- be the C
Hermitian metric on M, then locally G- can be expressed as
and A is defined by
A function u on M is said to be A -harmonic if A u= 0. Note that
A u= trace of the Levi form of u.
o
Now let X be a noncompact complex manifold of dimension n.
Introduce on X a Hermitian metric and thus obtain the operator Aq. Let
be A -harmonic functions which give a proper imbedding of
X into Let Then t is proper and Hence
has at least one positive eigenvalue on X, i.e. X is incomplete. By
theorem (2.1), Ch. II, we conclude that for all coherent
analytic sheaf on X.
CHAPTER IV. SOME RELATIONS BETWEEN q-CONVEX SPACES AND q-COMPLETE
SPACES AND THEIR GEOMETRIC PROPERTIES
In addition to the theorem of Andreotti and Grauert (theorem (2.1),
Ch. II), we are going to develope some relations among q-convexity, cohomo-
logically q-convexity, q-completeness, and cohomologically q-completeness
as well as their geometric properties. In what follows in this chapter, all
complex spaces are supposed to be cr-compact. Moreover, we only deal with
reduced analytic spaces of finite dimensions.
§1. G-eometric descriptions of q-convex and q-complete spaces.
(1.1) Let D be a relatively compact domain in a complex space
X. Recall that (see lemma (2.2), Ch. Il) D is called weakly q-convex if
for every there is a neighborhood of and a q-convex
f unc ti on on U such that If U can be
chosen to be a neighborhood of then D is called a weakly q-convex
domain with globally defined boundary
(1.2) PROPOSITION. Let X be a K-complete space, then every
relatively compact weakly q-convex domain D with globally defined boundary
is q-convex.
PROOF. Let U be a neighborhood of dD and 6 a q-convex
function on U with Let be such that
and let
-sup $(x) for Then and the functior
on
on
is clearly q-convex on U Pi D with By
expressing the Levi form of in terms of that of ip and the gradient
of ip, we note that is also q-convex in D and
for
(1,3) THEOREM Let X be any complex space.
(i) If X is cohomologically q-complete, then X has no
compact analytic subvariety of dimension£ q.
(ii) If X is cohomologic ally q-convex, then X has only
finitely marry compact branches of dimension£ q.
To prove it, we first introduce the following theorem whose proof
can be found in [19] or [42-].
(1 .4) THEOREM Let X be an n-dimensional complex space.
(i) If X is cohomologic ally q-complete, then
(ii) If X is cohomologic ally q-convex, then
Now we prove theorem (1.3).
(i) Let Y C X be a compact analytic subvariety in X with
dim Y= m£ q and S the singular subvariety of Y. Then both S and Y
are cohomologically q-complete. By theorem (1.4) we have
Hence by the following exact cohomology
sequence with compact supports
we have = 0. However, since YS is an open noncompact
smooth manifold with 3R~di mens ion 2m, Poincare duality tells us that
= 0 which is impossible.
(ii) Let denote the union of all purely m-dimensional branches
of X. It is known [34] that is an analytic subvariety of X of
dimension m. Suppose m£ q, the hypothesis and theorem (1.4) yields
dim Consider the splitting where
(resp. 8) denotes the union of all compact (resp noncompact) m-dimensional
branches of By Siu's theorem (theorem (2.1), Ch. Ill) and theorem (1.4)•
Now if X, and hence has infinitely many compact
m-dimensional branches, say the proof of part (i) tells us that
TVmn
dim H dim H y. rl t m V
which is a contradiction.
COROLLARY Let X be an n -dimensional Comdex scace.
(i) X is cohomologically n-complete iff X has no compact
n-dimensional branch.
(ii) X is cohomologically n-convex iff X has only finitely
many compact n-dimensional branches.
This is a trivial consequence of theorem (1 .3) theorem (2.1) in
Ch. Ill, and the following result of Reiffen [58]•
(1.6) THEOREM Let X be a complex space of dimension n.
For each coherent analytic sheaf
(1.7) THEOREM (1.3) (ii) leaves a little more to be desired.
It asserts that every cohomologically q-convex space X admits only
finitely many compact branches of G-dimension£ q, now the question
is: does X admits a q-maximal compact analytic subvariety?
A compact analytic subvariety S in X is said to be q-maximal
if S is of positive dimension at every point and every compact analytic
subvariety of 0-dim£ q in X is contained in S.
c) k
Let X be a cohomologically q~convex space and j-j
compact branches of C-dim£ q in X. Clearly B= UB_ is a compact
analytic subvariety of X. If q= 1, Marasimhan [32] showed that X
admits a maximal analytic subvariety S. Obviously B C S. If q= n,
it is clear that B is the n-maximal compact analytic subvariety. For the
case 1 q n, a satisfactory answer for this question occurs only in
the category of complex spaces which are hoiomorphically convex.
Before proceeding further, we first recall some facts from the
Remmert-Car tan reduction (See Remmert [59] or Cartan [14])» Let X be a
hoiomorphically convex space and R be the equivalence relation that
for all holomorphic function f on X. Then
the quotient is a Stein space and the natural projection
is holomorphic and proper. Moreover, each fibre is
connected and compact. We call Y the (Stein) reduction of X. If the
degenercy set is not isolated in is such that
7r (S) is discrete, X is called non-degenerate. It can be shown that
every 1-convex space is non-degenerate (see [52, theorem 1]).
(1.8) PROPOSITION Let X be a holomorphic ally convex space
with If X is cohomologically q-convex, then
X has a q-maximal compact analytic subvariety.
PROOF. Let (Y, ir) be the Stein reduction of X. Let S be
the degeneracy set of X. By Remmert (see [27] or [52]), S is a closed
analytic subvariety in X. Moreover
is a positive dimensional compact connected
analytic subvariety in xj.
Now le t E
m
By repeating the argument of theorem
(1.3) (ii), we conclude that E consists of at most finitely many compact
connected disjoint components if m£ q. Thus the compact analytic
survariety is q-maximal.
§2. Characterization of q-complete and q-convex spaces.
From §1 we have the following conclusion:
Let X be an n-dimensional complex space, then
q-complete= cohomologically
q-complete
no compact branch of
q-convex c ohomologic ally
n-nonvx
only finitely many compact
branches of (D- dim£ q,
and the inverse of() holds for q= n.
Therefore, it is natural to ask the question that under what
condition (s) a complex space is q-complete or q-convex. In [52], Narasimhan
proved that a 1-convex space without any compact analytic subvariety of
positive dimension is 1-complete. Thus it is reasonable to ask the following
question:
(2.1) QUESTION If X is a q-convex space without any compact
analytic subvariety of is it true that X is q-complete, or
at least cohomologically q-complete?
Unfortunately, this is not the case for q. 1, as can be seen
in the following example:
Let be a 2-dimensional complex submanifold. It is known
that is a 2-convex manifold of By dimension
argument, X does not have ary compact analytic subvariety of (D- dim£ 2
Suppose that X is cohomologically 2-canplete, by theorem (1.4)
Hence by Poincare's duality (since dimX= 8),
The exact cohomology sequence with compact supports
shows that H (A, 0)= 0. However, Hartshorne [36] has contructed a non-
singular ruled surface S of degree 5 embedded in IP with
which is a contradiction.
We have the following partial answer to question (2.1).
(2.2) PROPOSITION Let X be a K-complete q-convex manifold,
then X is q-complete.
PROOF. Let and K be the smooth function and compact subset
defining the q-convexity of X. Let U, V be open subsets of X with
Since X is K-complete, by [4] there is a strictly
psh function X on V. Let p be a C function on X with value 1
on U and 0 outside V. Since K is compact, there is a M 0 such
that the function§= p+ MpX is globally defined, C and q-convex in
X. Moreover, each Hence X is q-complete.
(2,3) Closely related to question (2.1), there is a conjecture
due to G-rauert [28] that every non-compact n-dimensional complex space is
n-convex. This, of course, is not true in view of corollary (1.3)• Instead,
we have the following question stronger than corollary (1.3):
QUESTION Let X be a noncompact complex space of C- dim n,
then it is true that
(i) X has no n-dimensional compact branch= X is n-complete,
(ii) X has only finitely many n-dimensional compact branches= X
is n-convex?
This question is still unsolved so far for general n. But for
n= 1, it has a positive answer.
(2.4) PROPOSITION Let X be a noncompact 1-dimensional
complex space, then
(i) X is 1-complete if it has no compact branch,
(ii) X is 1-convex if it has only finitely many compact branches.
The proof of (i) can be found in [34].
For (ii), corollary (l.3)(ii) asserts that X is cohomologically
1-convex and thus the result follows from Narasimhan [32].
Before proceeding further, we first give the following definition:
Let X be any complex space, the cohomological dimension of X, denoted by
cd(x), is the smallest integer r£ -1 such that HX, = 0 for all
coherent analytic sheaf on X and Clearly cd(x) n for
all complex space X of D- dim n and X is Stein iff cd(x)= 0. By using
the terminology of cohomological dimension, many theorems can be stated
more conveniently.
(2.5) THEOREM Let X be an irreducible analytic space of
(D-dimension n, then X is compact iff cd(x)= n.
This is a trivial consequence of corollary (l.5)(i).
(2.6) CORQLLARY Let X be an irreducible analytic space of
(E-dimension n. If X admits a Stein cover wi th
then X is not compact.
This is trivial by theorem (2.5) since
coherent analytic sheaf on X.
(2.7) Before ending this section, let's study the analytic spaces
which lie between Stein spaces and compact spaces, namely, those satisfying
(c)
v cr
X has only compact analytic subvarieties of
€-dimension q
In this setting, we have the following theorem (see [4] or [26]).
(2.8) THEOREM Let X be a holomorphically convex space,
then X is 1-complete iff X satisfies (c).
It is now natural to ask the following
(2.9) QUESTION Let X be a noncompact hoiomorphically convex
space of (D-dimension n. Let be a compact subset, then
a)
(ii)
X is (q+ 1 )-complete if X satisfies (c),
X is (q+ 1)-convex if XK satisfies (c).
Here we are only interested in the case that 0 q n. The
answer for this question is still unknown for q 0. Eor the case q= 0,
we have
(2.10) THEOREM Question (2.9) holds for q= 0.
PR.00TH In view of theorem (2.8), it suffices to show (ii).
Since X is hoi omorphic ally convex, it admits a Stein reduction
7r; X- Y. Since 1t is proper and each fibre iT tt(x) is connected,
XK satisfies (c) implies that 7r: Xh Yw(k) is a biholomorphism.
Since Y is Stein, there is a C strictly psh exhaustion function p
on Y. Hence j o it is a 1-convex exhaustion function on XK, i.e.
X is 1-convex.
Note that theorem (2.10) is just the only if part of lemma
(4.2), Ch. I.
§3. Blowing down.
(3.1) Let f: Y X be a morphism of complex spaces (i.e..
f is a holomorphic map). By definition, we have an associated homomorphisn
is a coherent ideal sheaf on X, then
generates a coherent ideal sheaf on Y, denoted b;y
rnu-? A~
natural homomorphic image of the inverse image oi (as a sheaf of modules
on X) by the morphism f. If I) is a complex sub space of X and
the ideal sheaf of D, we shall denote by the complex subspace
of Y determined by is the ideal sheaf of
on Y).
Let X be a complex space, D a complex subspace of X., and
the ideal sheaf of D on X. A pair (D, f) of the complex subspace I
and a morphism f: Xf- X of complex spaces will be called a monoidal
transformation of X with center D if the morphism f satisfies
(i) the ideal sheaf on X' is invertible (as a sheaf
of modules on X'), i.e., it is locally isomorphic to anrl
(ii) if g: X- X is another morphism of complex spaces having
property (i), then there is a unique morphism of complex spaces h: X-+ X'
such that g= f o h.
(3.2) REMARK [38].' Let f: X'- X be a monoidal transformation
of X with center D. Then f induces an isomorphism
In fact, let i: be the inclusion map. Then is invertible
and hence there exists h: such that i= f o h. On. the
other hand, let be the inclusion map. By the uniqueness
of h, we have j= h o f, and hence h is an isomorphism.
For completeness, we state the following result. For a proof
see [38].
(3.3) PROPOSITION Let X be a complex space and PCX a
complex subspace of X. Then there exists a monoidal transformation of X
with center D, say f: X-» X with f proper.
(3.4) Let X be a q-convex space ?±th q 1, i.e. there is
a compact subset K of X and a smooth exhaustion function f on X which
is q-convex on XK. Let K be the set of points x e X with $(x) sup£,
K
Ye say that X can be blown down to a q-complete space X if
(i) X admits a q-maximal compact analytic subvariety S with
(ii) there is a q-complete space X and a proper surjective map
77-: X— X inducing an isomorphism XS-» Xir(S), and
(iii) dim S dim u (S).
(3.3) REMARKS
(i) The process of blowing down a q-convex space to a q-complete
space is exactly the inverse process of finding the monoidal transformation
of a q-complete space.
(ii) In the case that (S) is finite, X is called obtained
'V
from a q-complete space X by a proper modification at finitely many points.
(iii) In the sequel, we also consider a class of q-convex spaces
with the compact subset K C X is a compact analytic subvariety S C X.
From now on, such a q-convex space will be denoted by (X, S,$).
(iv) Although every complex space X have a monoidal trans¬
formation with any fixed complex subspace D as its center, in general, for
q 1, not all q-convex spaces can be blown down to q-complete spaces, as
can be seen in (3.7).
The purpose of this section is to give a sufficient condition for
us to blow a q-convex space down to a q-complete space. First of all we
state the following
(3.6) PROPOSITION (cf. [68]) Let X be a q-convex space which
can be blown down to a q-complete space X, let 3 C X be its q-maximal
compact analytic subvariety, then for all i£ q, H. (X, (C) H. (S, C).iH i n~t 1
(3.7) EXAIPLE: A q-convex space which cannot be blown down
to a q-complete space.
Let be a 2-dimensional sub manifold of IP with
and let X By Barth's result [9], X is a 2-convex
manifold (cf. the example in (2.1)). Suppose that X can be blown down to
a 2-complete space, thus we have
. A
(ij a compact analytic subvariety SCKCX. By dimension
argument, dim We assume that dim
(ii) a 2-complete space X with a proper sur jective map
with an isomorphism. Note that tt(S) is
of (D-dimension zero (by (iii) of definition (3.A-)).
Apply theorem (1.4) to the 1-dimensi onal compact analytic sub-
variety S, note that S is 1-complete, we have
By Poincare's duality and proposition (3-6),
Therefore, the following exact cohomology sequence with compact supports
yields H (A, (C)= 0, which is a contradiction.
(3.8) A compact analytic subvariety S of positive dimension
in a complex space X is called exceptional (see [27]) if there exists a





A is mapped onto a finite set
w induces an isomorphism anc
for any open set U with and any holomorphic
f unc ti on e on there exists such that g= f o 1
(3.9) PROPOSITION Let (X, S, b) be a q-convex manifold
with q 1. Suppose that S is exceptional, then X can be blown down
to a q-complete space X.
PROOF. Without loss of generality, we can assume that S is
connected and cp s 0 on S. Since S is exceptional, there exists a
complex space X, a proper holomoiphic map it: X- X such that m(s) ii
finite and Let ijj be defined by •flnnn tit n
OO oo
a C q-convex function on Xm(S). By multiplying a C bump function,
OO
we may assume that ifs is a C function on X and q-convex outside an
arbitrary small neighborhood U of 7r(S).
Let V be a neighborhood of ir(S), sufficiently small such that
N
V can be imbedded bihoiomorphically into an analytic subset ACS. Let
X be a strictly psh nonnegative function on A (for example, the distance
Nn 00
from the origin of£). By multiplying a C bump function to the pull
OO~
back of X, we get a C function on X which is identically zero outside
a neighborhood W of V. Let this function be denoted by p. Then if
U is sufficiently small such that U C V C W, the function§= ijs+ p
will be q-convex on X7r(S) and strictly psh on V, i.e.§ is q-convex
on X and thus X is q-complete.
§4. From convexity to cohomologically completeness
The purpose of this section is to show that in some special cases
question (2.1) has a positive answer. That is, if X is a q-convex space
without any compact analytic subvariety of (D-dimension£ q satisfying
certain condition(s), then X is cohomologically q-complete.
As have been stated, every 1-convex space X admits a maximal
compact analytic subvariety S CX [52]. Rossi [6l] has given a result
which relates X to S for the case that X is a manifold. This result
can be carried over to the case that X is a complex space without much
difficulties (cf. [68]) as the following
(4.1) PROPOSITION Let Y be a complex space and X a 1-convex
subspace of Y with a maximal compact analytic subvariety S C X. Then





the natural map is infective
(4.2) Let X be a complex space of dimension n which is a
proper modification of a q-complete space X at finitely many points (q 1).
Denote by S these finitely many points in X. Then it is clear that X
MM
is q-convex with its q-maximal compact analytic subvariety S= it (S),
where it is the proper modification map w: X X. Recall that it induces
an isomorphism XS-» XS.
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(4.3) PROPOSITION Let X be a q-convex space as in (4.2),
then for all coherent analytic sheaf on X,
thenPROOF. Using the notation of (4.2), let
denote the trivial extensionsandis coherent [25][51]. Let
isS to X respectively. Note thatandof
with the family consists of all closed subsets ofexactly
X contained in X\S. Hence from the short exact sequence
we get the following exact co homology sequence
(1)
is the collection of all closed subsets of X disjointSimilarly, if
from S, we have
(2)
for v, I. B theorem (2.1)Since
for v q. Further, since S consists ofof Ch. II,
Thus from (2) we obtainfinitely many points,
Further, for the caseHe me by (1),
and thus the result follows from (1)v= q 1, (2) yields
(4.4) REMARK Using the notation of (4.2), since the q-maximal
compact analytic subvariety S is exceptional, a result of G-rauert [27J
shows that S admits a relatively compact strongly pseudoconvex neighborhood
U which in turn admits S as its maximal compact analytic subvariety.
Apply proposition (4.3) to U, we have
(4.3) THEOREM Let X be a q-convex space which is a proper
modification of a q-complete space X at finitely many points (i.e., X is
in the situation of (4.2)). Then X is cohomologically q-complete iff X
admits no compact analytic subvariety of (D- dimension£ q.
PROOE. Use the notation of (4.2) and (4.4)? for all coherent
analytic sheaf on U, proposition (4.0 asserts that there is an ideal
sheaf with S such that the natural map
is infective for i£ 1. By remark (4.4),
it is also infective for i£ q. Thus if X admits no compact analytic
subvariety of C- dimension£ q, U can be chosen to be empty and thus
The converse is just theorem (1 .3) (i).
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§5. Remarks on holomorphic fibre bundles over complex manifolds
As an extension of the original Levi problem, Serre posed in
1953 the question whether a holomorphic fibre bundle with a Stein base and
a Stein fibre is Stein. Although the answer to this question is conjectured
to be in the affirmative and various special cases have been proved through
the years, Skoda [66] gave a counterexample for the general case in which
the base is an open subset in and the fibre is 02. Meanwhile, the
most recent and important contribution for this problem is the following
theorem given by Siu. For a proof see Siu [64].
(5.1) THEOREM Let F be a Stein manifold whose canonical
line bundle is trivial. Suppose F is a relatively compact Stein open
subset of F. If X is a Stein space and B is a holomorphic fibre bundle
over X whose fibre is F, then either
(i) the first Betti number of r is zero, or
(ii) the structure group of B is connected
implies that B is Stein.
Closely related to Serre's problem, Jennane [39] showed that if
is a holomorphic fibre bundle over a Stein space , then X
is cohomologically 2-complete.
The purpose of this section is to investigate this result.
(5.2) Let X and be two complex spaces. A morphism
is called Stein if
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is surjective, and(i)
issuch thatadmits a Stein open cover(ii)
Stein in X for each
(5.3) REMARKS
is a holomorphic fibre bundle on X, then(i) If
is Stein.
as in (5.2) (ii) and(ii) Let be a cover of
is also Stein. In fact, ifis open in U thenIf
are (positive) strictly psh exhaustion functions on andand
is a strictly psh exhaustion function onrespectively, then
Here we give the result of Jennane.
(5.4) THEOREM Let X be a complex space and a Stein space,
then X is cohomologicallyIf there exists a Stein morphism
2-complete.
PROOF. We divide the proof into five steps.
(i) Let be a Stein open cover of Q associated to it as
in (5.2) (ii). By Stehle [67, p.167], since is Stein, there is a sequence
of relatively compact Stein open subsets of which forms a locally
is steinfinite refinement of and
and(ii) Let By remark (5.3) (ii),
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0 for eachis Stein for each j, 0. We claim that
and each coherent analytic sheaf





is(iii) Without loss of generality, we may assume that
ofcountable and contains a base of . Then there exists a subcover
containing a base of such that
for each j O. In fact, for each j, let be a partition
thenof unity subordinate to the cover
is such a subcover.diam
is a Stein openthen(iv) Let
cover of X satisfying
We claim that the restriction map
is surjective for each q 2 and j 0. In fact, for each
from the fact that
there exists such that
be the trivial extension of Define
by
it is easy to check that
(v) Let By (ii), for each j£ 0, there
exis ts such that hence
Since is surjective, we can
find such that
This means that the sequence can be chosen so that
Thus we obtain a sequence with a limit
Obviously, y= a.
CHAPTER V. THE COHOMOLOGY VANISHING THEOREMS OE NAKANO AND
GRAUERT-RIEMENSCHNEIDER
A complex analytic manifold X is called weakly 1-complete if
there is a psh exhaustion function or More precisely, for
each
In this chapter, we shall give-some cohomology vanishing theorems
of Nakano on weakly 1-complete manifolds and the corresponding one on
hyper-q-convex Kahler manifolds (definition (3.2)) by Grauert and Riemans-
chneider.
§1. Definitions and notations
(1.1) Let X be any complex manifold. Let 7r: B- X be a
complex line bundle. Let be a locally finite open cover of X
consisting of coordinate neighborhoods, over which tt: B- X is trivial.
Let B be described by a system of transition functions associates
A B-valued differential form of type (p, q),
is given by a systen with each differential form of
type (p l) defined in such that The
complex vector space of all B-valued differential forms on X of
type (p, q) will be denoted by and those forms in
with compact supports by
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(1.2) We consider a Hermitian metric ds2 on X and a family
of Hermitian metrics along the fibres of B. The latter can be described
withfunctionsof positive valuedby a system
we set
where dv is the volume element with respect to the metric ds2 for the
does not depend ondefinition of *, see e .g, [33]). Note that
function on X. Further, ifj and thus is a well-defined nonnegative
either
Denoteconverges and thus defines a Hermitian inner product in
with respect to this innerthe completion ofby
as the set of allproduct. It is sometimes useful to consider
square integrable B-valued (p, q) forms on X.
(1.3) We introduce the operators
and
forandby
where e ( ) is the operator of exterior multipLication by and.
intomapandObserve that
is said to determine a connection on B, and
is the covariant exterior differentiation with respect to this connection.
The curvature form of the connection p is defined by x Observe
, 2
that x i-3 nothing but the fundamental form of the metric ds
(1.4.) The formal adjoints of and wi f.h
2
respect to ds can be found as follows:
The Laplace-Beltrami operator is defined b;y
(1 .5) Let v: B- X be a holomorphic line bundle on X. Then
2
we have a Hermitian metric ds on X and Heraitian metrics along
the fibres of B as above. We say that B is '-elliptic (with respect
to these metrics) if there exists a constant c 0 such that
for every
§2. Cohomology vanishing theorems of Nakano.
The purpose of this section is to give the proof of the following
theorem of Nakano [49].
(2.1) THEOREM Let X be a weakly 1-complete manifold (with
respect to a psh function) of dimension n. If B is a positive line
bundle on X. then
where denotes the sheaf of germs of B-valued holomorphic p-forms on X.
Before proving this theorem, we first give a lemma [49] whose proof
is purely constructive which ?e shall not give here.
(2.2) LEMMA. Given a real valued continuous strictly increasing
f unc ti on on with we can





for some positive constants c, c1 and K.
On the other hand, Andreotti and Vesentini [6] has given the following
key lemma:
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(2.3) LEMMA Let X be a weakly 1-complete complex manifold
and : B X a holomorphic line bundle. If B is Wp,q -elliptic with
respect to a complete metric of X and q. I, then for any
there existswith
such that
In view of lemma (2.3) aril Dolbeault' s theorem for B-valued
differential forms, theorem (2.1) is reduced to the following
(2.4) PROPOSITION Let X be a weakly 1-complete complex
of dimension n. Supposemanifold (with respect to a psh function
is a positive line bundle on X. Given with
there is a Hermitian metric do2 on X and metrics along
fibres of B such that
do 2 is complete,(i)
B is Wp'q-elliptic with respect to do2, and(ii)
(iii)
PROOF. Let be a locally finite open covering of X as
Since B is positive, there exists metrics along the fibresin
of B such that
at all
where are local coordinates on Uj. Then we can define a
..2 2
Kahler metric ds on X by ds Set
where denotes the inverse of the matrix Note that u(x)
does not depend on the local coordinate system and is a nonnegative
function on X. Choose a matrix T. with entries are
J
functions on
such that The eigenvalues of the matrix
do not depend on local coordinates. Set v(x)= max(v,j, v), then v
is a nonnegative continuous function on X.
Given we form the non-negative function
on X as before:
where dv is the volume element with respect to ds. Assume, without loss




Choose a strictly increasing continuous function 0.(t) such that
and a nondecreasing continuous function p on with
p(0)= 0 such that
Apply lemma (2.2) (with suitable modifications, if necessary) to
we get an We claim that
and d cr with satisfy our requirement.
(i) Take a curve in X which




thus do is complete.
(ii) Since do is Kahler, we have
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(For the definitions of L and A, see, e.g. [33]. For scalar forms,
these are formulas in Weil [69, p.44] which can easily be carried over to
B-valued forms because the operations defined for these forms and formulas
are of local characters). Taking the ad joint of the first formula, we have
HenceBy direct verification, one finds that
Note that X is just the fundamental form of dcs, thus [33, p.121]
forand
Hence from
we conclude that B is Wp,q q-elliptic
and the fact that
with respect to do2 if
aswe can express(iii)
Then the intearands of ( , ) with respect to ds2 and do2 can be found
to be as follows:
whe re and denote the formulation of adjoint forms with respect to
and respectively, is the inverse of and
K is some constant.
Since with positive semi-definite on we
see that and thus
Thus to conclude the proposition, it suffices to show
From the definition of we have
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Hence Y if the Tj we chose is such that
is di agonal,
then we have
denotes thuswhere the column vector
det r
det G
From this and the choice of X we see that det r/det G grows, as grows,
at most the order of a polynomial in ( ). Also we see that a( , ) grows
not so fast as ( ) and the growth of the volume of Xt (as t co) has
been taken care of by p (t). Hence all ingredients of the integrand of(#)
of proposition (2.4) and hence theorem (2.1).
are dominated by ex (41), and thus(#) converges. This completes the proof
(2.5) COROLLARY Let X be a weakly 1-complete complex manifold
of dimension n and tt: B-» X a positive line bundle on X, then
(2.6) CCROLLARY (See also [48]). Let X be a weakly 1-complete
complex manifold of dimension n and tt: B-» X a positive line bundle on
X. Then for p+ q n and c c IR,
In fact, suppose that is the defining psh function of X. Then
for all c f 1, is psh on X which makes X to bex c c
weakly 1-complete.
With similar techniques, Nakano also proved the following theorem.
For a proof see Nakano [48]•
(2.7) THEOREM Let X be a weakly 1-complete complex manifold of
dimension n and E a holomoiphic vector bundle on X which is positive in
the strong sense (for definition, see [48, p.175]) then for any c cIR and
(2.8) REMARK Closely related to the theorems of Nakano, an
interesting result on the dimension of H(X, Q(B)) has been shown by
Ohsawa. He proved that if tt: B- X is a holomoiphic line bundle on an
n-dimensional weakly 1-complete complex manifold X which is positive outside
a compact subset of X, then H(X, Qn(B)) is finite dimensional for each
q£ 1. This result is closely related to the function theoretic properties
of X. For details see Ohsawa [56].
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(2.9) REMARK The spaces considered in the vanishing theorems
of Nakano are weakly 1-complete manifolds, whereas for q-complete manifolds,
the following theorem is well known (see [73]):
Let X be a q-complete manifold and E a holomorphic vector
bundle on X. Then
§3. A vanishing theorem of G-rauert-Riemenschneider
In this section, we shall give a result of Grauert and Riemenschneider
on relatively compact open subsets of a Kahler manifold.
(3.1) Let X be a complex manifold of dimension n. A holo-
morphic vector bundle E on X of rank: k is said to be semi-posi tive
(semi-negative) in the sense of Nakano if there exists a Hermitian metric
h on E such that for each xq e X, there is a coordinate neighborhood
(U; zj}..., z) centered at x which is a trivial! zati on of E (i.e.
1 n o
such that if on EL,, h is expressed as h





the HermitLan form is
negative semi-definite (positive semi-definite) in U. Note that the
Hermitian form is the curvature matrix
A coordinate neighborhood centered at any x e X is said to be normal at
x if it satisfies (i) and (ii).
(3.2) Let X be an n-dimensional Kahler manifold and G C C X
an open subset of X. Eor each q£ 1, G- is said to be hyper-q-convex
if for each x e 9G there is an open neighborhood U of x in X, a
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function
and normal coordinates (with respect to tree Kanler metiric)
such that
is the complex tangent plane to a G at x0,(i)
the Levi farm of 0 on this tangent plane has diagonal form
(ii)
(iii)
In particular, we see that at least n- q of the eigenva.Lues 1,...n-1
are posi tive. Note that every hyper-q-convex domain is q-convex (definition
(1-4), Ch. II) and for q= 1, two definitions coincide.
The vanishing theorem of Grauert and Riemenschneicder is as follows.
For a proof, see [41].
(3-3) THEOREM Let X be a Kahler manifold and G X a
hyper-q-convex domain in X. If E is a holomorphic vector bundle on X
which is semi-negative in the sense of Nakano, then we have
where n is the sheaf of germs of holomorphic n-forms on X
(3.4) COROLLARY Under the same conditions of theorem (3.3),
we have
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CHAPTER VI. THE COMPLEX PLATEAU PROBLEM AND ab COHOMOLOGY
GROUPS
It seems that one of the natural and fundamental questions of
complex geometry is the complex Plateau problem. Specifically, it asks
which odd-dimensional real submanifolds of a complex space X are boundaries
of complex submanifolds in X. Through the years, many special cases have
been solved. For real curves in CN, the question is intimately connected
with the problem of polynomial approximati ons on the curves, on which
Werner [71] has an extensive literature. The question can also be recast
in terms of the basic extension theorems of Bochner [12] for manifolds which
arise as the graphs of functions on boundaries of domains in Cn (n 2)
Most recently, Harvey and Lawson [37] discovered a necessary and sufficient
conditL on for an odd-dimensional compact oriented real submanifold M of a
Stein manifold X to bound a complex analytic subvariety in X. Based on
this result and by relating the ab-coholology groups to the contributions
of singularities, Stephen Yau [72] gave another sufficient condition for M
to bound a complex analytic subvariety in X as well as a relation between
the complex Plateau problem and the ab-cohomology groups. The purpose of
this chapter is to describe the results on the complex Plateau problem by
Harvey-Lawson and Yau.
§1. Definitions
(1.1) Let X be an oriented, real C manifold of dimension
n. Denote by the space of all complex-valued C exterior p-forms
on X with the usual topology. The dual space with the
weak topology will be called the space of p-dimensional currents (with
compact supports) on X. Note that every p-dimensional current can be
naturally represented as an exterior (n-p)-form on X with coefficients
Conversely, let be any exterior (n- p)-form of
class C with compact support, then w defines a current
by
for al3
(1.2) Given a riemannian metric on X, it is known that we can
find a Hausdorff p-measure p on X for all p£ 0. Since we concern
p
only with the local finiteness of a given set and the p-finiteness of
compact sets is independent of the metric, we shall generally neglect to
mention any riemannian structure.
Let M be an oriented, relatively compact p-dimensional
A
C -submanifold of X with p (m) 00. Then M defines a current
P
called a rectifiable current, by integration:
for all a If M is a manifold with boundary B, Stokes






In agreement with this, we shall denote the topological boundary of sets A
and manifolds M by dA and dM respectively. Thus we have d[M]= [dM],
A current T is said to have finite mass if T extends
as a continuous linear functional to the space of continuous p-forms on X
with the compact-open topology.
(1.3) Let X be any complex manifold, then we have the following
Dolbeault decomposition (cf. definition (1.1), Ch. V).
where
OO
is the space of all complex valued C exterior (r,s)-forms on
X with the usual topology, and its dual space with the weak tonoloev
is called the space of currents of bidimension (r, s). Given T
we shall denote the component of T in by T, thus T= 2T17 r.s 9 r.s
and T is real iff
As usual, (X) will denote the space cf all hoi01x10rphie p-forms
on X.
(1 .4) By a holomorphic p-chain on a complex manifold X we mean
a locally finite sum
where and is an irreducible p-dimensional complex analytic sub-
variety in X for each j. The support of such a chain is the purely
p-dimensional subvariety denoted by supp T.
(1.5) Let M be a relatively compact complex manifold of dimen¬
sion n with smooth boundary dM. Without loss of generality, we may
assume that M is imbedded in a slightly larger open manifold X such that
on dM, where r is a real-valued
function defined on X. We introduce the following notations
the space of all )-forms on M
the subspace of whose elements can be extended
smoothly to X,
Let and be the sheaf of germs of and on
respectively. Then the quotient sheaf is locally free
and supported on dM Let be the space of sections of We
have the following commutative diagram:
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where
is the quotient map induc ed by which cam be expressed
explicitly on the sections as follows: if let
be such that Then is the projection of
onto It is easy to see that this is independent of the
choice of Further, since we hav
and so we
have the following boundary complex (note that
The cohomology of this boundary complex is called the Kohn-Rossi cohomology,
denoted by
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§2. The result of Harvey and Lawson
(2.1) To find sufficient conditions for a real odd-dimensional
submanifold M of a complex manifold X to be the boundary of a complex
submanifold of X, it is natural to ask firstly what necessary condition(s)
M should satisfy.
To do this, let dim M= 2r-1. At each point z M, if M
bounds a complex submanifold of X, we must have
where J is the almost complex structure (i.e., scalar multiplication by i)
This means that the complex vector subspace TZM n J (TZM) is maximal in
the sense that it is of real codimension one. Submanifolds M satisfying
this condition are called maximally complex.
Note that the maximally .complex condition will automatically be
satisfied if M is a real curve y (i.e., dim M= 1). In this case, instead
of this condition, there is a natural replacement which is necessary for the
real curve y to bound a complex curve In fact, if y= dy, by Stokes
theorem, if w is a holomoxphic 1-form,
since aw= 0. From simple type considerations the restriction of a (2, 0)
form to a holomorphic curve is identically zero. Therefore, the following
moment condition is necessary:
for all holomorphic 1-form w
In [37]y Harvey and Lawson showed that, if X is a Stein manifolc
and M a compact oriented real submanifold of X, the above necessary
conditions are also sufficient for M to bound a complex r-dimensional
subvariety in X.
2
(2.2) THEOREM Let M be a compact oriented real C sub-
manifold cf dimension 2r- 1 in a Stein manifold X. Suppose that M is
maximally complex (or if r= 1, suppose M satisfies the moment condition)




supp T C C X,
T is of finite mass, anc
dt= [M]
Furthermore, there is a compact nowhere dense subset A C M such that eac]
point of }£k, near which M is of class
k
borhood in which (supp T) U M is a regular C submanifold with boundary.
If k£ 2, A can be chosen to have Hausdorff (2r~ 1)-measure zero.
In particular, if M is connected, there exists a unique precompact
irreducible complex r-dimensional variety V of XM such that
with boundary regularity as above.
For r= 1, the theorem can be deduced from the work of Wermer
and others on the polynomial hull of a curve in Cn (cf. G-amelin [23])«
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This function algebraic approach encounters some difficulties in generali-
zation. whereas the proof of Harvey-Lawson works uniformly in all dimensions.
For the case M is strongly pseudoconvex and r > 3, this
theorem also follows from Leery' s result [44] and a theorem of Rossi [60].
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§3. More about resolution of singularities of complex spaces and
ab-cohomology.
(3.1) As we have stated, Grauert has shown that every holomor-
phically convex space has a Stein reduction. It is therefare quite natural
to ask the following more general question:
Suppose X and Y are complex manifolds and M C X a closed
submanifold of codimension I and 7r: M Y a C fibration with compact
connected fibres. Can we find a reduced complex space X', a closed
immersion j: Y X' and a proper morphism f: X- X' such that
f J M= joi and f maps X\M biholomorphically onto X'\Y?
When Y is a point and M a projective space, it is the classical
Castelnuovo criterion that the question has an affirmative answer if the
normal bundle N of M in X is the negative of the hyperplane section
bundle. In this case, X' can be chosen to be C and x is the monoidal
transformation of X' with center Y. This result has recently been
extended by Fujiki and Nakano [20][47] to the case where the fibres of v
are projective spaces and Y is arbitrary. On the other hand, when Y is
a point and M is arbitrary, Grauert [27] showed that the question has an
affirmative answer when the normal bundle N is negative.
This process of finding the complex space XI is sometimes called
the blowing down process.
(3.2) Opposite to the blowing down process, we have the monoidal
transformation which is sometimes called the blowing up process. The chief
result of Hironaka is useful to resolve singularities of complex spaces:
THEOREM (=proposition (3.3), Ch. IV) Let X be a comple:
space and any complex subspace of X. Then there exists a
monoidal transformation of X with center D, say f: 1X71
proper.
However, singularities in complex spaces are too complicated that
even in the case that X is 2-dimenaional, we do not know the structure of
the inverse image of an isolated singularity in X, while it is a theorem
of Mumford [46] that each irreducible component of the inverse image of a
manifold point (i.e., a regular point) of X is isomorphic to (CP. The
following related result (cf. Laufer [41]) is well-known:
(3,3) THEOREM Let ir: be a proper modification of
the 2-dimensional complex space X at an isolated singularity p of X
with a manifold and X irreducible at p. Let the irreducible
components of A be non-singular and intersect transversely.
Then the intersection matrix is negative definite.
(3.4) Let M be a strongly pseudoconvex manifold of dimension
n, by G-rauert's result M is a modification of a Stein space V with
isolated singularities. (cf. (3.1) in Ch. VI, §1 and §3 in Ch. IV, and
Remmert [59]). In [40], Kohn and Rossi made the following conjecture:
Either there is no boundary cohomology of the boundary of M (or V) in
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n- I or it must result from the interiorof degree (p, q) with
singularities of V. Recently Stephen Yau solved this problem aITixmatively
(for a proof see [72]):
(3.5) THEOREM Let M be a strongly pseudoconvex manifold of
dimension n 3 which is a modification of a Stein space V with isolated
singularities x1,,,..., xm. Then
is called the Brieskornwhere
number of type (p, q) at the singular point xi.
(3.6) Let M be a compact orientable real manifold of dimension
2r-1. A partially complex structure on M is an (r- 1) dimensional
subbundle S of the complexified tangent bundle 0 T M of M such that
and(i)
and L' are local sections of S, then so is [L, L'](ii)
with Y a complex manifold, thenAs an example, let
defines a partially complex structure on M.
be the local basis for a section of S overLet
is a local basis for sections of San open set
we may choose a localhas complex codimension 1 inSince
section N of T M which can be assumed to be purely imaginary such that
N span T M. Then the matrix (c ij)
defined b;
is Hermitian, called the Levi form of M. Stephen Yau [72] has showr
the following
(3.7) THEOREM Let M be a compact connected orientable real
manifold of dimension 2r- 1 (r£ 2) with partially complex structure in
a Stein manifold X. Suppose the Levi form of M is not identically zero
at every point of M. Then there exists a complex analytic sub variety
V C XM, of dimension r, such that M= dV. Moreover, if M is
strongly pseudoconvex, then the subvariety V can be choosen to be irreduci-
CO
ble, containing at most finitely many isolated singularities, and has C
boundary regularity for each local component of V near M. (cf. theorem
(2.2)).
The following result is a consequence of theorems (3.5) and. (3.7):
(3.8) THEOREM Let M be a compact orient able real submanifold
of dimension 2r- 1 (r£ 3) with partially complex structure in a Stein
manifold X of dimension r+ 1. Suppose that M is strongly pseudoconvex,
then M is the boundary of a complex submanifold V c XM iff the
3.-0©homology groups ($3) of bM vanish for 1 q r- 2.
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